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ABSTRACT  
A method is presented for optimizing the cooling strategy and seed loading 
simultaneously. Focused beam reflectance measurement (FBRM) was used to 
determine the approximating optimal cooling profile. Using these results in conjunction 
with constant growth rate assumption, modified Mullin-Nyvlt trajectory could be 
calculated. This trajectory could suppress secondary nucleation and has the potential to 
control product’s polymorph distribution. Comparing with linear and two step cooling, 
modified Mullin-Nyvlt trajectory have a larger size distribution and a better 
morphology. Based on the calculating results, the optimized seed loading policy was 
also developed. This policy could be useful for guiding the batch crystallization process. 
Keywords: Batch crystallization; Constant growth rate trajectory; FBRM; 
Optimized seed policy; Optimization  
 
1. Introduction 
Crystal size distribution is an important quality indicator for particles because it 
could significantly influence the downstream operation such as filter and drying. 
Considerable research efforts have been devoted to control the product size distribution.  
For optimizing a seeded batch crystallization, generally, it could be divided into 
two main parts: first, determination of the optimal temperature trajectory; second, 
optimizing the seed loading policy[1]. Various excellent approaches have been 
proposed for designing the temperature trajectory or seed loading policy[2-7].  
For designing the temperature trajectory, it could be also divided into two main 
categories, the model-based and model-free approaches[8]. Model-based approaches 
determine the optimal temperature trajectory by optimizing the crystallization model[9-
12]. The widely used crystallization model is the population and mass balance model. 
Model-free approaches mainly use process analytical technology (PAT) to control the 
process parameters (such as concentration or particles number) within a certain range 
which could minimize nucleation[2, 13-17]. In some papers, the boundary of this range 
is also referred to as secondary nucleation threshold (SNT) [18, 19]. 
Seed loading is another widely used approach for suppressing nucleation. Kubota 
and coworkers developed the critical seed loading that is the lowest seed loading ratio 
for which all of the material crystallizes out of the solution is consumed by the growth 
of the seeds [20, 21]. Yu-Ti Tseng and Jeffrey D. Ward developed a shortcut approach 
to determine the seed loading chart and Hsing-Yu Wang and Jeffrey D. Ward applied 
this approach in the reactive crystallization of barium sulfate and L-glutamic [1, 21].  
In this study, we try to find an approach that could optimize the seed loading and 
temperature trajectory simultaneously. The research published by Kee et al proposed a 
method that could selective crystallization of metastable α-form L-glutamic [22]. 
According to their results, the optimized cooling profile was remaining the 
concentration at a constant relative supersaturation which was the SNT. Using this 
approach, the FBRM total counts kept constant during the crystallization, hence, 
secondary nucleation was greatly suppressed. This result was consistent with the 
conclusion presented by Che-Wei Hsu and Jeffrey D. Ward [6], comparing with 
analytical trajectory, constant growth rate trajectory have the similar performance of 
suppressing nucleated mass. Thus, in this study, we will use constant growth rate model 
to calculate the modified Mullin-Nyvlt trajectory that could desaturate the solution 
along SNT. According to the characteristic of SNT, when concentration is higher than 
SNT, contact nucleation or surface breeding would be the dominant nucleation 
mechanism[18]. Conversely, micro-attrition would be the dominant mechanism. If the 
cooling trajectory could follow the SNT, this cooling strategy has the potential to 
control the product size and polymorph distribution simultaneously. In addition, the 
critical seed loading policy could also be easily calculated by this approach.  
 
2. Method and model 
The general idea of this method is to find a cooling profile that could control the 
solution concentration follows the SNT during the crystallization. Because SNT is 
generally parallel to solubility, the supersaturation is basically unchanged when cooling 
along the SNT, which makes possible to calculate the optimized cooling curve 
according to constant growth rate model[23]. Therefore, to calculate the modified 
Mullin-Nyvlt trajectory, the corresponding crystal growth rate at SNT should be 
determined first. 
Theoretically, secondary nucleation threshold could be determined by seeding 
experiments, as published by Kee et al[22]. However, according to their results, 
secondary nucleation could not be suppressed when solution concentration followed 
the limit that was determined by seeded experiments. This may be caused by the surface  
structure difference between the seeds and the growing crystals[19, 24]. To avoid this 
deviation, we directly use FBRM to measure at what degree of the cooling rate may 
lead to nucleation. Using several linear cooling profiles to approximate the optimal 
cooling profile, and then substitute these linear cooling rate (which were represented 
by K1, K2 and K3) into model function to calculate the corresponding growth rate. If 
growth rate is known, the optimized seeding policy and the optimized cooling curve 
with different seed mass and seed size could also be calculated.  
Constant growth rate trajectory could be derived from Mullin-Nývlt’s model for 
the case of no nucleation [12]. If the corresponding crystal growth rate at SNT was 
represent by gmax, all crystals have the same volumetric and surface shape factors, the 
supersaturation can only be consumed by crystal growth, the general expression of this 
model is: 
−𝑑𝑚c
𝑑𝑡
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Where WS and L0 are the mass and the size of seeds, respectively; Lt is the crystal 
size, mc is the crystal mass, t is time. 
The proposed optimization strategy was used to study the sodium phosphate–
water system. This system was chosen because solution is very sensitive to temperature, 
leading to a low reproducibility. Because there are 12 water molecules in the crystal 
lattice, we have made a little change to this model.  
The mass balance for crystallization were:  
𝑚l ∙ 𝑐t + 𝑘 ∙ 𝑚c = 𝑚0 ∙ 𝑐0                       (2) 
   𝑚c + 𝑚l = 𝑚0                               (3) 
Eq. (2) is the solute balance equation and Eq. (3) is the total mass balance equation. 
ml is the mother liquid mass, m0 is the initial solution mass, k is the molecular mass 
ratio of solute to solvate, e.g. for Na3PO4·12H2O, k is 0.4316, c0 is the initial 
concentration (wt%) of the solute and ct is solute concentration (wt%) at time t. Solving 
Eq. (2) and Eq. (3) yields: 
𝑚c =
𝑚0(𝑐0−𝑐t)
𝑘−𝑐t
                                (4) 
Substituting Eq. (4) into Eq. (1) gives: 
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Since there is no nucleation, the supersaturation is relatively low, ct can be 
approximately equal to the solubility c*. 
𝑑𝑇
𝑑𝑡
=
−3𝑔𝑚𝑎𝑥𝑤𝑠(𝐿𝑡)
2
𝑚0𝐿0
3 ∙
𝑑𝑇
𝑑(
𝑐0−𝑐
∗
𝑘−𝑐∗
)
                        (6) 
Lt is derived from the ΔL law: 
  𝐿t = (
𝑊p
𝑊S
)
1
3𝐿0                               (7) 
Where WP is the total mass of crystals. 
WP = Ws + mc                              (8) 
Combining Eqs. (4), (7) and (8) the crystal size Lt can be expressed as: 
𝐿t = (1 +
𝑚0(𝑐0−𝑐
∗)
𝑊s(𝑘−𝑐∗)
)
1
3 ∙ 𝐿0                     (9) 
Substituting Eq. (9) into Eq. (6) gives: 
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Integrating Eq.5, the optimized cooling curve could be obtained. 
 
3. Experimental Section 
3.1 Materials and Apparatus 
Na3PO4·12H2O (≥ 99% wt, Jiangtian Chemicals Co., Ltd) and deionized water 
were used to prepare for the solutions. The experiments were performed in a 300mL 
jacketed crystallizer. Julabo CF41 compatible with Pt100 sensor with ±0.05 K accuracy 
was used to control the temperature. Mettler FBRM G400 was used to monitor the 
change of total particle number. Mastersizer 3000 was used to measure size distribution. 
Olympus MODEL BX53F was used to took the microscopic images of crystals.  
3.2 Determine the gmax 
300g, 43°C saturated sodium phosphate solution was placed in a 400ml jacketed 
crystallizer. The stirring rate is the same in all experiments, 250rpm/min. The solution 
was heated to about 50 °C to ensure all crystals had dissolved. The clear solution was 
then cooled to 43 °C before seeds were loaded. Seed crystals of 206 μm (D50) was 
introduced into the solution. The amount of seeds used was about 6.5% of the expected 
yield. The seeded solution was kept at 43 °C for 1h before cooling to polish the crystal 
surfaces and dissolve the fines. For each experiment, the linear cooling rate was varied 
to find the maxima cooling rate under the condition that no nucleation takes place.  
Theoretically, the total counts should not change if there is no nucleation. However, 
attrition and the change of the crystal shape is possible to increase the FBRM total 
counts[25-27]. Therefore, a criterion should be set to judge whether nucleation took 
place. A cooling rate of 0.5 °C/h was chosen for this study to determine the effect of 
attrition and the change of crystal shape on FBRM total counts.  
3.3 Comparison and verification experiment 
After determined the gmax, the optimized cooling curve could be calculated 
according to Eq.10. Several experiments were carried out to demonstrate the 
effectiveness of the calculated optimized cooling curve. The initial conditions were 
same with Section 3.2 except the cooling curve was followed the calculated results. For 
comparison studies, linear cooling and two steps cooling experiments were also 
performed. To provide a fair comparison, the total batch time were the same. For linear 
cooling, the rate is 3.75 °C/h for 5.3 h. For two step cooling, the rate is 2 °C/h for 2 h 
and then 4.85 °C/h for 3.3 h. The temperature range was from 43°C to 23°C.  
Variations in initial seed mass and size were also introduced. The experiments with 
different seed mass (8g) and seed size (256 um) were also performed.  
 
4. Results and discussion  
4.1 The effect of attrition and growth on FBRM total counts 
    The results of the attrition experiment could be seen in the Fig. 1. 
 Fig. 1. The FBRM total counts with 0.5 °C/h cooling rate 
An increase in the FBRM total counts was observed due to the attrition. Analysis 
of the total counts show 
ed that the effect of attrition on the total counts was linear for the time. The total 
counts were fit to a linear function: 
N = 4.859 ∗ t + 74.665                         (11) 
Where N is the total counts and t (h) is time. The fitting curve as marked by a solid 
line was showed in Fig .1. The total counts increased 76.366 due to seeding and 
increased 4.860 due to attrition during 1h. Then, during 1 h, the ratio between 76.366 
and 4.860, 6.36%, was used as the criterion to judge whether there is nucleation.  
 
4.2 Determine the approximating optimized cooling rate 
Fig. 2 showed the change of total counts with different linear cooling rates in the 
second hour.  
 Fig 2. FBRM total counts profile of crystallization with cooling rate of (a) 
1.2 °C/h, (b) 1.2 °C/h, (c) 1.0 °C/h, (d) 1.0 °C/h, (e) 0.8, (f) 0.8 °C/h 
At the beginning, the number of total counts increased rapidly for the seed loading. 
Subsequently, it dropped and eventually stabilized at a constant value, which may be 
due to the effect of Ostwald ripening. The cooling rates were rather small for the second 
hour because of the relatively small total crystal surface area and sodium phosphate 
solution tends to precipitate more crystals at high temperature.  
As shown in Fig 2, although the initial conditions were the same, the initial total 
counts of these experiments may not the same, (Run (a) was 111.4 while Run (d) was 
75.7). This was caused by the shift of the FBRM probe position in the different batch 
experiments. Since whether there was nucleation was determined by the changing 
percentage of the total counts, the position of the FBRM probe did not affect the results. 
To avoid measurement fluctuation, the FBRM total counts were smoothed by 
Exponentially Weighted Moving-Average (EWMA) algorithm. The weight used for 
EWMA was 0.3. The change of the total counts could be seen in the Table 1. 
Table 1. The change of the FBRM total counts in the first 1 h. 
Cooling 
rates in the 
first 
interval 
(°C/h) 
Runs 
No 
Base 
value  
Initial 
total 
counts  
Endpoint 
total 
counts  
Change of 
the total 
counts  
Judging 
criterion  
Suppress 
nucleation 
(Y/N) 
1.2 a 4.8 107.1 124.3 17.2 6.51 N 
1.2 b 3.1 103.5 115.9 12.4 6.39 N 
1.0 c 3.4 93.9 88.1 -5.8 5.76 Y 
1.0 d 3.1 74.4 81.2 6.8 4.53 N 
0.8 e 3.5 80.7 77.9 -2.8 4.91 Y 
0.8 f 3.9 81.3 82.2 0.9 4.92 Y 
 
The base value (BV) is the background when there are no crystals in the solution. 
The judging criterion (JC) was calculated according to the equation below: 
JC=(IV-BV)*0.0636                      (12) 
Where IV is the initial value and BV is the base value. 0.0636 is the increasing 
percentage caused by attrition.  
The effect of cooling rate on the FBRM total counts can be observed, comparing 
the change of total counts. From run a to f, increased total counts is generally decreased 
while decreasing cooling rate. For Run e and f, the total counts remained nearly constant, 
indicating that the solution concentration should below the SNT. At this cooling rate, 
the growth kinetics were fast enough to desaturate the solution, reducing the 
concentration below the SNT. Therefore, secondary nucleation was greatly suppressed. 
Using a faster cooling rate of 1.2 °C/h, as shown in Runs a and b, a significant increasing 
in the total counts was observed, implying that secondary nucleation was not will 
controlled. For the Run c and d, despite the same experimental procedure, it can be 
observed the variations in the nucleation behaviors. This variation is most likely due to 
the stochastic nature of nucleation, which is affected by many external factors [28]. At 
the cooling rate of 1.0 °C/h, the solution concentration should be close to SNT. Hence, 
the cooling rate of 1.0 °C/h was chosen as the K1 at 43 °C for the second hour. Although 
further reduction of the cooling rate could have a better performing in suppressing 
secondary nucleation, this may lead to a rather long batch times. 
Subsequently, kept the cooling rate of 1.0 °C/h for the second hour, the K2 at 42 °C 
was also determined. Experimental results in the third hour were showed in Fig. 3.  
 Fig. 3 FBRM total counts profile of crystallization with cooling rate of (a) 
2.0 °C/h, (b) 2.0 °C/h, (c) 1.7 °C/h, (d) 1.7 °C/h, (e) 1.5 °C/h, (f) 1.5 °C/h in the 
third hour 
The analysis of the total counts follows the same procedures as described above, 
the results could be seen in the Table 2.  
Table 2. The change of the FBRM total counts in the third hour. 
Cooling 
rates in the 
first 
interval 
(°C/h) 
Runs 
No 
Base 
value  
Initial 
total 
counts  
Endpoint 
total 
counts  
Change of 
the total 
counts  
Judging 
criterion  
Suppress 
nucleation 
(Y/N) 
2.0 a 5.6 62.6 87.2 24.6 3.63 N 
2.0 b 4.1 120.9 136.5 15.6 7.43 N 
1.7 c 11.5 81.5 86.2 5.7 4.45 N 
1.7 d 1.7 75.4 80.1 4.7 4.69 N 
1.5 e 3.5 96.8 97.9 1.1 5.93 Y 
1.5 f 7.8 87.0 91.0 4.0 5.03 Y 
 
Based on the result of these experiments, the shift of the dominant crystallization 
mechanism could be observed at the cooling rate of 1.5 °C/h. At this cooling rate, 
crystal growth rate outweighs the secondary nucleation rate. In these three experiments, 
the total counts in the second hour remained nearly constant, which indicates the 
cooling rate of 1.0 °C/h during the second hour could suppress nucleation. 
The same procedures were used to determined K3 at 40.5 °C. The experimental 
results were showed in Fig. 4. 
 
Fig. 4 FBRM total counts profile of crystallization with cooling rate of (a) 
2.3 °C/h, (b) 2.3 °C/h, (c) 2.1 °C/h, (d) 2.1 °C/h, (e) 1.9 °C/h, (f) 1.9 °C/h in the 
fourth hour 
Using the same calculating process, the results could be seen in the Table 3.  
Table 3. The change of the FBRM total counts in the fourth hour. 
Cooling 
rates in the 
first 
interval 
(°C/h) 
Runs 
No 
Base 
value  
Initial 
total 
counts  
Endpoint 
total 
counts  
Change of 
the total 
counts  
Judging 
criterion  
Suppress 
nucleation 
(Y/N) 
2.3 a 4.3 65.4 79.7 14.3 3.89 N 
2.3 b 79.7 164.3 180.5 16.2 5.38 N 
2.1 c 10.2 91.0 95.5 4.5 5.14 Y 
2.1 d 5.0 80.2 82.6 2.4 4.78 Y 
1.9 e 66.4 149.0 148.6 -0.4 5.25 Y 
1.9 f 3.3 61.0 56.7 -4.63 3.29 Y 
 
It can be seen from the Table 3, secondary nucleation could be suppressed when 
the cooling rate down to 2.1 °C/h.  
In summary, the approximating optimal cooling curve were 1 °C/h from 43 °C to 
42 °C, 1.5 °C/h from 42 °C to 40.5 °C and 2.1 °C/h from 40.5 °C to 38.4 °C. 
 
4.3 Calculate the cooling curves 
The solubility of Na3PO4 was measured by gravimetric method and fitted by a 
linear function, the result was: 
𝑐∗  =  0.0032 𝑇 +  0.0442         (R2 = 0.9998)                (13) 
The unit of solubility was wt% (g Na3PO4/g solution).  
Substituting the experimental results into Eq. (10) and solving it, the growth rate 
at three different temperature points were:  
g1 = 0.0673 mm/h,T = 43 °C                         (14) 
g2 = 0.0629 mm/h,T = 42 °C                         (15) 
g3 =0.0593 mm/h,T = 40.5 °C                        (16) 
In comparison with the rest growth rate, g1 was larger. This was because the model 
assumption that the solution was always have a certain degree of supersaturation, while 
the above experiments was started at a saturation concentration. Besides, g2 and g3 was 
close, indicating that the assumption that the supersaturation is constant was reasonable. 
To avoid the deviation, g1 was deleted. Then, take average of g2 and g3 as the gmax: 
gmax = 0.0611 mm/h                           (17) 
In this study, gmax was assumed to be constant. However, for the generalized case, 
it is reasonable to assumed that gmax was a function of temperature. Using this growth 
rate function needs more approximating linear cooling rate, which may be time-
consuming. Thus, for the simplification, we would not use the temperature-dependent 
gmax function.  
Subsequently, substituting gmax into Eq. (10) to calculate the optimized cooling 
curve. The optimized cooling curve could be seen in Fig. 5.  
 
    Fig.5 Temperature profile of optimized cooling curve and the comparison 
cooling curves.  
The calculated optimized cooling curve is similar to a cubic trajectory. The slope 
of the optimized cooling curve was relatively low at the beginning and gradually 
increasing through the experiment. That was not only because the total crystal surface 
was not large enough to rapidly desaturate the solution, but also the fact that the 
Na3PO4·12H2O crystal has 12 water molecules in the lattice, which implies that more 
crystals tend to precipitate at high temperature. 
 
4.4 Comparison between different cooling strategy 
The aim of these experiments was to investigate whether the cooling curve 
calculated by the gmax could suppress the secondary nucleation. Figure 6 showed the 
profile of temperature and the evolutions of total counts using different cooling 
strategies.  
 
Fig. 6 Temperature and total counts profile of different cooling strategy: (a) 
linear cooling; (b) two step cooling; (c) optimized cooling 
In the case of linear cooling, the strong increase in total counts taken place at the 
beginning of the cooling period, then the total counts remained constant until 200 min, 
after 200 min, nucleation continuous increased during the rest process. The similar total 
counts profile could be observed using two step cooling. Comparing with linear cooling, 
nucleation was more moderate during two steps cooling. However, distinct increase in 
the total counts could still be observed using these profiles. While in the optimized 
cooling run, total counts almost kept constant during the whole process, indicating a 
better performance in suppressing nucleation.  
According to Wang and Ward’s conclusion [1, 11], the trajectory that has the 
constant supersaturation could minimizes the number of nuclei in the case of nucleation 
was independent of the crystal mass. The result of the optimized cooling curve was 
consistent with this conclusion because Fig .1 showed that the nucleation rate was 
relatively independent with the crystal mass.  
 
Fig. 7 The size distribution of different cooling strategy 
The crystal size distribution (CSD) resulting from three different cooling 
experiments were showed in Fig. 7. This result confirmed that the modified Mullin-
Nyvlt trajectory lead to large crystal size distribution.  
 
Fig. 8 Microscopic images of (a) seeds, (b) linear cooling product, (c) two step 
cooling product, (d) optimized cooling product  
The microscopy images of different cooling products could be seen in the Fig. 8. 
All products were inclined to be rod-like shape, while the linear cooling and two step 
cooling products have a higher aspect ratio. The higher aspect ratio products were more 
likely break into small fines during the crystallization process. Besides, linear cooling 
also tends to generate more particles. Therefore, linear cooling products have a wider 
size distribution.  
It is worth noting that although the aspect ratio of seeds and optimized cooling 
products were similar in this experiment, it is hard to make sure there is no change in 
the aspect ratio using different seeds. In this model, the shape factor was assumed to be 
the same during the batch experiment. Therefore, to avoid the deviation, the K1 was not 
recommended to use in calculating gmax.  
 
4.5 Experiments with different seed conditions 
Solving Eq. (10) under different initial seed conditions and using the calculated 
cooling profile to implement the batch experiments, the results could be seen in the Fig. 
9. 
 
Fig. 9 Optimized temperature and total counts profile of batch experiments with 
seed size and mass of (a) 0.256 mm and 4 g; (b) 0.206 mm and 8g.  
It was found that using this approach, secondary nucleation could also be 
suppressed under different seed conditions. The total batch time was decreased with the 
increasing in the seed mass, while the opposite behavior is observed for the increasing 
the seed size. However, the total batch time was not decreased by two times when 
doubling the initial seed mass. This was due to the increasing in the total surface area 
was limit by the mass balance, hence, total surface area was not a linear function of the 
initial seed mass during the crystallization.  
Optimized seed loading policy is a helpful guideline for process design [1]. When 
gmax was known, the optimized seed loading policy could also be developed. In contrary 
with the research reported by Tseng and Ward [21], this optimized seed loading policy 
was prepared only knowing the growth kinetic. For a cooling process that has the certain 
temperature range, substituting gmax into Eq (10), the optimized batch time should be a 
function of seed size and mass. Plot optimized cooling time against the seed size and 
mass, the results could be seen in the Fig, (10). 
 
Fig. 10 The optimized seed loading policy. 
According to the Fig. 10, the points below this surface would leads to the undesired 
secondary nucleation even if the cooling profile had been optimized. Comparing with 
seed mass, seed size has higher impact on the total batch time due to the total surface 
area is more sensitive to the seed size. However, decreasing total batch time just by 
decreasing the seed size should be careful because fine seeds tend to dissolve into the 
solution.  
 
5. Conclusion 
In this work, a method is presented for optimize cooling profile and seed loading 
policy simultaneously. This method directly uses FBRM to determine the approximate 
linear cooling rate and using these results in conjunction with constant growth rate 
model to calculate the modified Mullin-Nyvlt trajectory. The experimental result 
confirms that the proposed optimizing strategy could effectively suppress secondary 
nucleation. Comparing with the linear cooling and two steps cooling, optimized cooling 
product has a larger size distribution and a better morphology. The modified Mullin-
Nyvlt trajectory with different seed condition were calculated and its effect on 
suppressing secondary nucleation was determined. Results showed that these profiles 
could improve the performance of batch crystallization. Based on the calculating results, 
the optimized seed loading policy was also developed. This policy could be useful for 
guiding the batch crystallization process.  
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